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Abstract

Over recent years, spreadsheets have been increasingly recognised as havingarolein
teaching and learning mathematics, but have continued to suffer the limitation of
requiring access to computers. This pgper summarises some of the potential bendfits of
spreadsheet use and briefly assesses some of the available research aboutit in schools.
A spreadsheet application for a calculator is described and interpreted in terms of its
capecity to handle the essential features of spreadsheets. The comparative merits of
calculator and computer spreadshesets are discussed. Some ways in which calculator
spreadheets might be used for teaching and learning mathematics are outlined.

Introduction

While origindly developed for the busness world, spreadsheets continueto be used for
purposes of mathematics education in seconday school. While this can be explained
patly because of thar widespread availability on persond computersin schools, homes
and busnesses, it is also a consequence of thar paticular suite of capabilities, which
lend themselves to some kindsof mathematical work. Access to a spreadsheet has
remained dependent on access to a computer, untl fairly recently. In this paper, we first
identify thefeatures of spreadsheets likely to be of bendfit to teaching, learning and
doing mathematics, and then consder the prospects of a spreadsheet on a graphics
calculator having significance for school mathematics.

Features of spreadsheets

This section describes briefly thekey features of spreadsheets from a mathematical
perspective, particularly with inexperienced readers in mind. Several useful linksto
augment this information condderably are provided on theweb (Kissane, 2007) Some
of these are exceptiondly useful for inexperienced spreadsheet users.

Essential features

A spreadsheet comprises amatrix of cells tha can contain either numerical or textud
information. Datain the cells can either be entered directly by a user or can be
calculated by the spreadsheet itself, with appropriate ingructionsfromtheuser stored in
thecell with aformula. Theuse of formulas allows some numerical valuesin a
spreadsheet to depend on values elsewhere in the spreadshedt, effectively allowinga
number of calculationsthroughoutthe spreadsheet to be completed simultaneoudy.
Althoughother spreadshests exist, Microsoft@ Excel isin such widespread use on
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persond computerstha it isamog universaly relevant, and will beused here asthe
archetypd spreadshest, withoutfurther direct reference. Other spreadshests (such as
thoe indudel in ClarisWorks and AppleWorks) are very similar at thelevel of basic
opeaations differences appear only at themore sophisticated end, which is not of
paticular interest in this paper.

Spreadsheet formulas geneally look alittle different from typical algebraic
formulas, althoughthey have the same fundion. A spreadsheet formula uses a cell
address (typically aletter that references a column and a nunber referencing arow,
such as B3) to refer to thenunber in acell, rather than the single letter characteristic of
algebraic representation (such as x). Spreadsheet formulas are recognisable in
spreadsheets as they start with an equd sign andrefer to some other cells. Thusthe
formula, =A1+3, stored in cell A2 would calculate three more than thevaluein cell A1
and storeitin cell A2. In conventiond agebraic representation, if thevaluein cell A1
was represented by X, thisformulawould calculate thevalue x+ 3 and store thisin cell
A2.

Aswell as direct arithmetical relationships moden spreadsheets indudea nunmber
(infact, alarge number) of mathematical, statistical and other fundions tha can beused
in formulas and abbreviated ways of referring to sets of arguments of thefundions As
an elementary example, theformula, = AVERAGE(A1:A20), caculates the average of
thevaluesin thetwenty cells, A1, A2, A3, E, A20. If thisformulawere stored into cell
A22,the spreadsheet would display the mean of the column of valuesin A1to A20. If
any of thevaluesin the column were changed, the mean would be changed accordingly
(when the spreadsheet is set to recalculate automatically). Formulas provide a means of
condructing mathematical relationshipsof variouskinds and thusgenerating them can
be thoughtof as a kind of programming.

A powerful feature of spreadsheets concernsfilling aformula, which allows for
equivaent formulae to be condructed automatically by the software, rather than having
to beentered manudly. To illudrate this, the average formula abovecould bereadily
filled acrossinto row 22 of columnsB to D; the effect of this would beto automatically
geneate the formulae to find the means of thefirst 20 values of columnsB, C & D.
Althoughthe formulas could beentered separately in each case, thisfacility allows an
efficient meansof doing the same thing.

These two capabilities (formulae and filling) togeher alow a spreadshest to be
readily used to study recursive situaionsin mathematics. The mog obviousexamples
are those concerned with recursively defined sequences, which can be represented
easily in aspreadsheet. Therecurrence relation can bedefined in terms of aformula (a
very smple case istheonedescribed at the start of this section, usng theformula,
=A1+1), and then filling this formula down a column . This process effectively repests
the same relationghip in successive cells. For this case, thefilling down process will
define an arithmetic sequence with common difference of 3.

While the spreadsheet itself comprises an array of cells with text, formulae or
numbers in them, spreadsheets generaly have mechanams for representing the
informationin more hdpful ways, especially graphical ways. These essentiadly alow
theuser to definea graphical representation (such as a scatter plot or a histogram) of
selected data from the spreadsheet itself.

Advanced features

Thefeatures described aboveas essential have been built into spreadsheets for many
years. Later versionsof spreadsheets have induded extra features that make them more
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powerful, easier to use or otherwise more versatile in representing and handling
numerical information. Space precludes an extensve description here, althoughitis
important to acknowledgetha advanced features are unlikely to be available on
graphics calculators in the near future.

Some advanced features arise from the capecity of a computer to use arangeof
colours on powerful visud displays. Thus conditiond formatting features allow
different cells to be coloured differently, depending on ther content, which in turn
allows for impressive visud displays of mathematical objects (such asthe Sieve of
Eratosthenes, Pascal @ triangle or a Sierpinski Gasket).

Other advanced features concern therangeand sophistication of mathematical and
statistical fundionsroutindy available. Thus successive versionsof Excel tend to
contain yet more mathematical fundions to meet thewiderangeof needsof usersfor
calculationsof variouskinds

Other features are concerned with designing user-friendly interfaces, with easy ways
for usersto inputvaluesinto acell (eg, to vary thevalues of a paameter in a
relationship). Two methodsused to goodeffect recently by Staples & Smith (2005)and
Drier (2007 involve scroll bars and spinnea's. Such features are very ussful for
designing stand-alone spreadsheets for students to use to experiment with mathematical
idess.

Spreadsheets in mathematics education

In thefirst issue of anew electronic joumd devoted to theuse of spreadshestsin
education, Baker & Sugden (2003)surveyed theliterature on thetopic over 25 years,
and conduded that OE thereisno longe a need to question the potential for
spreadsheets to enhance the qudity and experience of learning tha is offered to
students.O(p.32) While some of the areas of educationd use concern matters that are
notdirectly related to mathematics, and others conaern mathematical ideas not of
concern to school mathematics, they highlightthe congderable potential's of
spreadsheetsin some key areas. These areas indudethe elementary study of algebra,
aspects of finandal mathematics, statistics, numerical andysis and combinaorics (e.g.,
Abramovich & Pieper (1996), amongothers.

Similarly, in reviewing published research in the area, Jones (2005)identified a
number of aspects of algebra which researchers have claimed are suppoted by work
with spreadsheets, and a so recognised issues related to teaching and learning statistics.
Animportant early study in this area was that of Sutherland & Rojano (1993,
conarned with the development of early algebraic undestanding usng spreadshests, in
both the UK and Mexico. The spreadsheet offers an environment in which early ideas
can be developal regarding fundionsand equéions and ways of respresenting these.

One of themajor attractionsof spreadsheets, it seems, isthat they are becoming
available for use in avery widerangeof settings not only the mathematics classroom
Two important settingsare those of the home and the workplace, in both of which
persond computers are becoming much more common, and virtudly ubiquitousin
workplace office settings These days, the bundled software for new computers usudly
indudes a spreadsheet application, and thisis certainly truefor office computer
systems. An applicationtha islikely to beavailable so widdy certainly deservesto be
consdered as apotential tool for teaching and learning mathematics.

Ruthven & Hennessy (2002)studied teacher accounts of ther practiceswith ICT ina
small number of English seconday schools and noted tha spreadsheets were available
in al of the schools studied; further, they foundthat in many cases students are more
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likely now than previoudy to encounter spreadsheets in settingsoutside mathematics, so
tha some of thelod time getting started is dimishing. Such matters, of course, depend
onthe practices and facilities at particular schools to some extent.

In contrast, D&ouza and Wood (2003 studied Year 11 General Mathematics
studentsin NSW, with afocusonthe Finanada Mathematics topic of the course. They
foundtha in many schools, there were significant practical access issuesrelated to the
adequecy of computer resources and suppot and professiond development assodated
with new curricula, which togeher reduced the success with which spreadshests were
used. In conduding their study, theresearchers identified GE practical difficulties of
the implementation and reasonsfor studentsCresi stance towards working with
computers: too few working computers, computers not working propely, thetime taken
to learn the software, lack of computer confidence, etc.O(p.293) The authors note that
these problems are notinsurmourtable, but noneheless will impact on the success of
innovdionsof the kind described.

Baker & Sugden (1993 p.24) suggest that a major advantage of spreadsheets for
school mathematicsis tha they might save time for many activities, thuscreating nev
oppotunities for exploratory work of variouskinds. Ruthven & Hennessy@ (2002)
paper describesin some detail thekindsof pedagogical approaches which technology
(notrestricted or uniqueto spreadsheets) seems to suppot, at least in teachersCreported
practices. In circumstances more favourable than those referred to by some of the
students in the sample of D&ouza and Wood, spreadshects appear to offer promise.

Of additiond interest is the extent to which software tools are permitted for student
usein formal high-stakes assessment. Generally speaking, computers are nat permitted
in formal examinaionsin Audralia, athoughthere are oppotunities for schoolsto
permit thar use for in-school assessments, which are significant for several school
systems and states.

Increasingly, textbook authors seem to assume some level of access to spreadshests,
especially in mathematics courses related to finance. An early example of textbookuse
was Lowe et al (1994) who used spreadsheets as oneenvironment in which algebraic
relationships can berepresented and equaionssolved. Recent textbookspublished for
the NSW General Mathematics course have induded some work on spreadsheets,
suppoted in part by formal requirements for students to complete a Computing Skills
test, which indudes work on spreadsheets, by theend of Year 10in that state. In recent
years, commercia publishers have induded CD-ROMs with textbooksfor seconday
school, and these frequently contain examples of spreadsheets for students to use.

The development of some advanced features, described above has permitted the
produdion of spreadsheets designed as stand-alone objects to suppot mathematical
exploration by students, demondration by the teacher, or both of these activities. Good
examples, usng diders and spinnasin Excel, covering awiderangeof senior
seconday school mathematics topics have been provided by Staples & Smith (2005)
Similarly, Drier (2007 has described a number of interactive Excel spreadshests
developal for use by teacher education students, some of whomhave begunto use them
in seconday schools as well.At a more sophisticated level, publicationslike tha of
Beare (1994)have focussed on extended examples of mathematical moddling, with
significant suppot from pre-prepared spreadsheets designed for the purpo<.

Moden spreadsheet software, such as Excel, nowindudes significant statistical
capabilities, notonly for descriptive statistics, butaso for variousinferential purposes,
such as hypotesis testing. While these capabilities fall some way short of those of
professiond data andysis packages, they provide subgantial data andysis oppotunities
for early undegraduae students of statistics, aswell as thoee who work in the busness
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world, such as MBA students. The advantages of accessin computer laboratories and
workplaces (withoutadditiond software cogs beyondthose already invested), together
with home use advantages, have increased the popularity of this use of spreadsheetsin
recent years. As noted by Nash & Quon(1996) who seemed to be notvery enthusastic
aboutthis use, there are significant criticisms of this practice, especialy related to
graphical capabilities and some issues of data handing. However, many Audralian
universities now use Excel routindy in theearly years at least, because of the significant
access advantages.

A graphics calculator version of a spreadsheet

Graphics calculators are clearly much less powerful than computers armed with
sophisticated software, which is hardly surprising in view of thevery great differences
in cods of thetwo platforms for connecting techndogy and mathemnatics. Wha they
los=in capabilities, they gain in access, as noted by many authors recently. For
example, Ruthven & Hennessy (2002)reported the common practice in many schools
of usng hand-hdd machines, GE makingit relatively easy for teachers to give students
access to such technology in thenomal classroom setting; sometimes also with
projection facilitiesO(p. 58). To date, graphics cal culators have not usudly induded
spreadsheet applicationsroutindy, althoughexceptionsto this have been thevery high
end devices such as the Casio ClassPad 300 and the Texas Ingruments TI-89. No doubt
onereason for this has been related to screen size and memory limitations Another
reason has possibly been related to thelimited extra capabilities offered by a
spreadsheet over and abovewha a moden graphics calculator provides.

Therecent Casio fx-9860GAU calculator indudes a spreadsheet as oneof the
standard applications and so is here used to interrogate the potential value of hand-hdd
spreadsheets in mathematics education. One part of the significance of ready access to
technology is the flow-on effects of permission to use such technologiesin formal
examinaion settings as noted above thisisrarely possible with computer spreadshests.

As calculators have a much smaller screen than computers, less cells are visibleona
calculator than onacomputer, so that it is necessary to scroll more often to see the
contents of cells. However, the same general cell characteristics are evident in both
environments: cells contain text (for labdling), numbers (as data) or formulae (to define
some relationships between cells). The syntax for formulae (e.g., starting with an equds
sign and referring to cells by row and column) is similar to tha for Excel, convenient
for those aready familiar with it. There are filling operationson a calculator, as for
computer spreadsheets, as well as arangeof mathematical fundions similar to those
nomally available on a graphics calculator, which generally accommodate the needs of
seconday school students.”

There areless statistical opaationsavailable in this calculator version of the
spreadsheet than in computer spreadsheets. However, all the necessary statistical
calculations induding those concerned with hypothesis testing, can be carried out as
uud in thestatistical area of the calculator; thisisfacilitated by the calculator
commandsto import and export data between the spreadsheet and the statistics or
matrix areas of the calculator.

Calculator spreadsheets can be saved, edited and retrieved, as well as trangmitted to
other calculators or exchanged viatheInterne. Of course, each might be congructed

1

The operational details of the Casio fx-9860G AU spreadsheet are not fully described in this paper,
but will be included in an associated workshop and are described in detail in Kissane & Kemp (2006).
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ingead by students themselves to explore a mathematical situaion, rather than be
prepared in advance by theteacher.

In summary, thekey capabilities of spreadshests described aboveare available viaa
hand-held calculator, while the advanced capabilities characteristic of recent softwareis
notavailable in this environment.

Some examples

Clearly, space precludes an extensve catalogueof examplesin this paper. Indead,
three examples are offered to illudrate thekindsof work madepossible by a
spreadsheet on a calculator, andto congder thisin light of the existing calculator
capabilities. Each is briefly described here as an example of a prepared spreadshest, to
be used by students or used for demondration purposes via a suitable projection device.

Chance

A spreadsheet can be used to provide experience of chance processesin an efficient
way. For example, Figure 1 shows a spreadsheset called Toss a Die tha simulates the
tossing of an eightsided die 200timesin Column A. Theaverageresult of thefirst 20
tossesis calculated and shown in cell B2, while the average of all 200tossesis shownin
cell C2.Every time therecalculate key is pressed, the entire spreadshest is simulated
agan, with fresh averages displayed. Althoughrather Slower than acomputer, the
calculator is still fairly fast, taking abouttwo secondsto regenerate theentire
spreadsheet each time. By ingecting theresults of generating data in this way, students
are able to see tha there is acongstent pattern of results for the average of 200tosses
(usudly closeto 4.5), while theaveragefor thefirs 20 tossesis less congstent.

Figure 1: Successive results of tossing an eight-sided die

A spreadsheet like this can hdp students get afeel for the naure of chance
processes. while results are never certain, they are more predictable with larger amounts
of randomdata available. Furthermore, issues related to sampling and sample sizes can
be generated by compaing the stability of the averages of smaller samples.

In addition, changing theformula used in column A to generate thedata allows for
paterns connecting the die used with the averages obtained to beinferred and checked.
Changing from an 8-sided die with all sides equdly likely to occur to aregular n-sided
die requires only achangefrom 8to nin theformula

Simulationsof this kind are also available on the graphics calculator throughthe
STAT mode but it is notpossible to obtain immediately the means of the smulated die
tosses. For each set of tosses, the mean would have to be separately retrieved, and it
would not be possible to congder patial results, aswas donein this case with thefirst
twenty tosses. So the spreadsheet offers oppatunities not otherwise available, and
seems to augment the exisiting capabilities well.
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Sequences and series

Spreadsheets are goodtools for examining sequences and series numerically, and a
relatively smple spreadsheet provides a mechanism for doing so. To illudrate this, two
separate examples are provided here, onewith an explicit definition of terms of the
sequence and onewith arecursive definition.

Themiddle screen of Figure 2 shows successive terms of the harmonic sequence,
given by thereciprocals of the couning numbers and its assod ated seriesin a calculator
spreadsheet called Seies. Thefirst screen illugrates theway in which the graphics
calculator spreadsheet is designed to permit easy evaluaion of asequencein column B,
when an explicit definition of termsis available. The correspondng seriesis obtained
with standad spreadsheet formulae filled down column C, as suggested by themiddle
screen.

Sequence SER)
ExFr ol No.  JTERM JSErIes] | | | e
Uar Hp S [ N [ R e LA
Start 1 0. 1.5
End 154 0.333 :
Incre :1 0.25]2.0833 .

=C3+B4 .

[Ctr [T =30 ¥=3.994381131

Figure 2: Exploration of the harmonic sequence and series on a calculator spreadsheet

Thethird screen of Figure 2 illugrates how data from the spreadshest can bereadily
grapheal, usng essentially the same mechanisms as those tha apply for statistical data.
In this case, thegraph has been traced to explore the (lack of) convergence of the series.

Figure 3illudrates the use of a spreadsheet called Fibonaci to explore arecursive
sequence, in this case the Fibonacci sequence. Thefirst screen shows how thetwo-step
recursonisdeined in aformula, which isfilled down column B asfar as desired.
Column C is calculated as theratio of successive terms of thesequence in Column B.
These data can be graphed to show the (rapid) convergence of theratiosto the golden
ratio, as shown in themidde screen.

j\»——o

=13 ¥=1.618034056

Figure 3: Exploring the Fibonacci Sequence

This spreadsheset allows for easy variationsonthetheme to be explored in a What if
kind of way. For example, the spreadshest beginswith 1 in each of cellsB1 and B2,
which are needed to definethe Fibonacci Sequence. Thethird screensshows tha the
changeof these two cellsto B1 = 3 and B2 = 4 reaults in therest of Column B changing
immediately. Ingection of thegraph (not shown here, for space reasong reveals the
remarkable and quite unexpected result that theratiosonce agan seem to convageto
thegolden ratio.

In this case, thecalculator already permits exploration of sequences throughthe
RECUR mode However, the spreadsheet introduces a capecity to quickly and
efficiently explore the sequences and series; indeed, as noted by Baker & Sugden
(2002) the spreadsheet savestime.
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Finance

A common office use of spreadshests involves finanaa planning of some kind. As
noted above D&ouza and Wood (2003)studied the use of computer spreadsheets in the
Finanda Mathematics component of General Mathematics in NSW. There are many
ways in which elementary finanda mathematics ideas can berepresented ona
spreadsheet for student andysis.

Oneexampleis spreadshest Reduant, shown in Figure 4. This spreadsheet has been
condructed to explore theconaept of redudble interest, which it is necessary for
students to undestand as consumers, not only as mathematics students, since mos
practical uses of interest are of thiskind. (Credit card statements and housng mortgage
repayments are two examples of everyday significance to mos Audralian families.)

Figure 4: Exploring reducible interest

Thefirst screen in Figure 4 shows how the spreadsheet has been set up to calculate
monthly baances for a$5000lo0an at 12%redudble interest and a monthly payment of
$170.(TheEND bdance after thefind payment isdisplayed, to avoid needing to scroll
to thebottom.). The second screen shows immediately the effects of avariationin
interest rate to 16%, while thethird screen shows the effect of increasing the monthly
payment to $180.

Althoughcalculationsof these kindscan also be madein the cal culator@ finance
(TVM) module, the spreadsheet allows for al thereduang baancesto be seen
simultaneoudy and dynamically, in contrast to theless efficient TVM procedure.

Conclusions

Spreadsheets have acquired a place in therepertoire of technologies of significance for
learning, teaching and doing mathematics over thethirty years since thar inventionin
theearly days of the persond computer. Part of thar significance liesin thar
widespread availability ingde and outside school environments. While recent

embd lishments of the basic concepts have improved ther rangeof contributionsto
school mathematics, the essential features are valuable for condructing objects tha
allow students to explore some aspects of mathematics. Theinduson of these essential
features on graphics cal culators seems to extend the rangeof influence of the
spreadsheet as a useful device for mathematics education in seconday schools, andis
deserving of attention to exploit it appropriately.
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